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1. Introduction
The notion “cognitive map” has been introduced by the psychologist Tolman (1948) in his
paper [1] as mental models (belief systems) of the way animals - including men - structure
their environment. However, the cognitive approach to analysis of ill-structured situations
was proposed by Axelrod [2] and Roberts [3] in 1976. Roberts was much more engaged into
development of mathematical tools, while Axelrod drew attention to the methodology. A cog-
nitivemap is digraphG(V,E)with vertex set V and arc setE. It is defined by the adjacency (or
weight) matrixW = [wi,j ], wherewi,j is the weight of the arc ei,j ∈ E. The vertices Fj of the
cognitive map correspond to factors (concepts) that characterize a system (or a situation) and
the arcs define causal connections between factors. In general, each factor represents a char-
acteristic of the analyzed system, e.g. parameters, attributes, states, events, actions, values,
goals, trends, components, resources. There are three possible types of causal relationships
between each two factors Fi and Fj that describe the strength of influence going from one
factor to the other. The weights of the arcs could be positive, wi,j > 0, which means that an
increase in the value of factor Fi leads to the increase of the value of factor Fj and a decrease
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of the value of factor Fi leads to the decrease of the value of factor Fj ; the causality could be
negative, wi,j < 0, which means that an increase in the value of factor Fi leads to the decrease
of the value of factor Fj , and vice versa.

In 1986 B. Kosko [4] enhanced the functions and power of cognitive maps by adding the
following properties:

• arcs can take any real value in the interval [−1, 1];

• nodes can take values in the set {−1, 1} or in the set {0, 1};

• nodes are time-valued;

• the value of each node at anymoment is a function of theweighted sum of all its incoming
nodes.

Kosko’s definition is extended by S.M. Chen in [11] about ten years later.
The first idea for Intuitionistic Fuzzy Cognitive Map (IFCM) is given by S. K. A. De, R.

Biswas and E. Roy in [12]. It is developed by E. I. Papageorgiou and D. K. Iakovidis in [13,14],
and by the authors in [17]. Here, we give our definition of IFCM from [17], that is an extension
of Papageorgiou and Iakovidis’s one and show the way for using of the information from it for
its factors analysis.

2. Definition of an intuitionistic fuzzy cognitive map
Below, we introduce the original definition of an IFCM from [17].

Let C = {C1, C2, ..., Cn} be a set of cognitive units and for every i (i ∈ {1, 2, ..., n}),
µC(Ci) and νC(Ci) are degrees of validity and non-validity of the cognitive unit Ci.

Extending Chen’s formal definitions of Fuzzy Cognitive Map (FCM, see [11]), we intro-
duce the concept of an Intuitionistic FCM (IFCM) as the pair

IFCM = ⟨C,E⟩,

where
C = {⟨Ci, µC(Ci), νC(Ci)⟩|Ci ∈ C}

is an IFS and
E = [C, C, {⟨µE(ei,j), νE(ei,j)⟩}],

is an Intuitionistic Fuzzy Index Matrix (IFIM, see [8]) of incidence and for every i, j ∈
{1, 2, ..., n}, µE(ei,j) and νE(ei,j) are degrees of validity and non-validity of the oriented
edge between neighbouring nodes Ci, Cj ∈ C.

For every two cognitive unitsCi andCj that are connected with an edge ei,j , we can intro-
duce different criteria for correctness, e.g. if Ci is higher than Cj (i.e., ⟨µC(Ci), νC(Ci)⟩ ≥
⟨µC(Cj), νC(Cj)⟩), then

1 (top-down-max-min) ⟨µC(Ci), νC(Ci)⟩ ∨ ⟨µE(ei,j), νE(ei,j)⟩ ≥ ⟨µC(Cj), νC(Cj)⟩;
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2 (top-down-average) ⟨µC(Ci), νC(Ci)⟩@⟨µE(ei,j), νE(ei,j)⟩ ≥ ⟨µC(Cj), νC(Cj)⟩;

3 (top-down-min-max) ⟨µC(Ci), νC(Ci)⟩ ∧ ⟨µE(ei,j), νE(ei,j)⟩ ≥ ⟨µC(Cj), νC(Cj)⟩;

4 (down-top-max-min) ⟨µC(Ci), νC(Ci)⟩ ∧ ⟨µE(ei,j), νE(ei,j)⟩ ≤ ⟨µC(Cj), νC(Cj)⟩;

5 (down-top-average) ⟨µC(Ci), νC(Ci)⟩@⟨µE(ei,j), νE(ei,j)⟩ ≤ ⟨µC(Cj), νC(Cj)⟩;

6 (down-top-min-max) ⟨µC(Ci), νC(Ci)⟩ ∨ ⟨µE(ei,j), νE(ei,j)⟩ ≤ ⟨µC(Cj), νC(Cj)⟩.

Other criteria also are possible.

3. Intuitionistic fuzzy cognitive maps as tools
for analysis of its factors

The definition of an IFCM in the above form is more general than it is necessary for the present
research. In it, the term “cognitive unit”’ is used, while in the present case we need its partial
case of “factor” in Axelrod-Kosko-Chen’s sense. By this reason, below, we change the used
in the definition symbol C with F . Now, we can use ideas from our research [18], where
some properties of the factors are discussed. These properties are influenced by Silov’s fuzzy
cognitive maps, discussed in [5].

Below, we use the concept of an index matrix [6,7,10], that is an extension of the ordinary
matrix. Let I be a fixed set of indices andR be the set of the real numbers. By IM with index
setsK and L (K,L ⊂ I), we denoted the object:

[K,L, {aki,lj}] ≡

l1 l2 . . . ln
k1 ak1,l1 ak1,l2 . . . ak1,ln

k2 ak2,l1 ak2,l2 . . . ak2,ln
...
km akm,l1 akm,l2 . . . akm,ln

,

whereK = {k1, k2, ..., km}, L = {l1, l2, ..., ln}, for 1 ≤ i ≤ m, and 1 ≤ j ≤ n : aki,lj ∈ R.
In [6–8,15,16], different operations, relations and operators are defined over IMs. For the

needs of the present research, we will introduce the definitions of some of them.
Let us have set

F = {F1, ..., Fn}

of factors. We can construct the IM of influence of factor Fi over factor Fj with the form

F1 . . . Fn

F1 ⟨z1,1, z1,1⟩ . . . ⟨z1,n, z1,n⟩
...

... . . .
...

Fn ⟨zn,1, zn,1⟩ . . . ⟨zn,n, zn,n⟩

,
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where zi,j , zi,j ∈ [−1, 1] determine the degrees of positive and negative influences of factor
Fi over factor Fj .

Let
F i = F − {Fi}.

First, we must metion that all notations related to the intuitionistic fuzziness are used from
[9, 10]. For the text below, we must mention that the ordered pair ⟨a, b⟩ is an Intuitionistic
Fuzzy Pair (IFP) if and only if (iff) a, b, a+ b ∈ [0, 1]. For two IFPs ⟨a, b⟩ and ⟨c, d⟩:

⟨a, b⟩ ≤ ⟨c, d⟩ iff a ≤ c and b ≥ d,

¬⟨a, b⟩ = ⟨b, a⟩,

⟨a, b⟩ ∧ ⟨c, d⟩ = ⟨min(a, c),max(b, d)⟩,

⟨a, b⟩ ∨ ⟨c, d⟩ = ⟨max(a, c),min(b, d)⟩.

Second, let us have the pair ⟨zi,j , zi,j⟩. We can transform it to pair ⟨yi,j , yi,j⟩ using formula

⟨yi,j , yi,j⟩ =



⟨ zi,j+1
2 ,

zi,j+1
2 ⟩, if zi,j < 0 and zi,j < 0

⟨ zi,j+1
2 ,

zi,j

2 ⟩, if zi,j < 0 and zi,j ≥ 0

⟨ zi,j2 ,
zi,j+1

2 ⟩, if zi,j ≥ 0 and zi,j < 0

⟨ zi,j2 ,
zi,j

2 ⟩, if zi,j ≥ 0 and zi,j ≥ 0

.

For every zi,j , zi,j ∈ [−1, 1], the pair ⟨yi,j , yi,j⟩ is an IFP.
Really, if zi,j < 0 and zi,j < 0, then

yi,j + yi,j =
zi,j + 1

2
+

zi,j + 1

2
=

zi,j + 1 + zi,j + 1

2
≥ 0

and
yi,j + yi,j =

zi,j + 1 + zi,j + 1

2
≤ 1.

Therefore, ⟨yi,j , yi,j⟩ is an IFP.
By similar way are proved the other three possibilities.
In this paper, an intuitionistic fuzzy interpretation of the above mentioned systemic indica-

tors is proposed. A full correspondence between the formulas in Silov’s fuzzy cognitive maps
and intuitionistic fuzzy formulas given below.

The Intuitionistic Fuzzy Coefficient of Influence (IFCI) of factor Fi over factor Fj has the
form

IFCI(Fi, Fj) = ⟨sg(yi,j − yi,j).(yi,j − yi,j), sg(yi,j − yi,j).(yi,j − yi,j)⟩,
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where function sg is defined by

sg(x) =

 1 if x > 0

0 if x ≤ 0

The Intuitionistic Fuzzy Coefficient of Joint Influence (IFCJI) between factors Fi and Fj

has one of the following forms

IFCJIopt(Fi, Fj) = ⟨max(yi,j , yj,i),min(yi,j , yj,i)⟩

IFCJIopt−av(Fi, Fj) = ⟨max(yi,j+1−yj,i

2 ,
yj,i+1−yi,j

2 ),
yi,j+yj,i

2 ⟩

IFCJIav(Fi, Fj) = ⟨yi,j+yj,i

2 ,
yj,i+yi,j

2 ⟩

IFCJIpes−av(Fi, Fj) = ⟨yi,j+yj,i

2 ,max(yi,j+1−yj,i

2 ,
yj,i+1−yi,j

2 )⟩

IFCJIpes(Fi, Fj) = ⟨min(yi,j , yj,i),max(yi,j , yj,i)⟩

.

The Consonance of the Influence (CI) of factor Fi over factor Fj has the form

CI(Fi, Fj) = ⟨
max(yi,j , yi,j)
yi,j + yi,j

,
min(yi,j , yi,j)
yi,j + yi,j

⟩.

The Consonance of the Joint Influence (CJI) of factorsFi andFj has one of the three forms:

CJIopt(Fi, Fj) = ⟨max(
max(yi,j , yi,j) +max(yj,i, yj,i)

yi,j + yi,j + yj,i + yj,i
,

max(yi,j , yi,j)
yi,j + yi,j

,
max(yj,i, yj,i)
yj,i + yj,i

),

min(
min(yi,j , yi,j) +min(yj,i, yj,i)

yi,j + yi,j + yj,i + yj,i
,
min(yi,j , yi,j)
yi,j + yi,j

,
min(yj,i, yj,i)
yj,i + yj,i

)⟩,

CJIav−opt(Fi, Fj) = ⟨
max(yi,j , yi,j) +max(yj,i, yj,i)

yi,j + yi,j + yj,i + yj,i
,

min(yi,j , yi,j) +min(yj,i, yj,i)
yi,j + yi,j + yj,i + yj,i

⟩,

CJIav−pes(Fi, Fj) = ⟨
min(yi,j , yi,j) +min(yj,i, yj,i)

yi,j + yi,j + yj,i + yj,i
,

max(yi,j , yi,j) +max(yj,i, yj,i)
yi,j + yi,j + yj,i + yj,i

⟩,
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CJIpes(Fi, Fj) = ⟨min(
min(yi,j , yi,j) +min(yj,i, yj,i)

yi,j + yi,j + yj,i + yj,i
,

min(yi,j , yi,j)
yi,j + yi,j

,
min(yj,i, yj,i)
yj,i + yj,i

),

max(
max(yi,j , yi,j) +max(yj,i, yj,i)

yi,j + yi,j + yj,i + yj,i
,
max(yi,j , yi,j)
yi,j + yi,j

,
max(yj,i, yj,i)
yj,i + yj,i

)⟩.

The Dissonance of the Influence (DI) of factor Fi over factor Fj has the form

DI(Fi, Fj) = ⟨
min(yi,j , yi,j)
yi,j + yi,j

,
max(yi,j , yi,j)
yi,j + yi,j

⟩.

The Dissonance of the Joint Influence (DJI) of factors Fi and Fj has one of the three forms:

DJIopt(Fi, Fj) = ⟨min(
min(yi,j , yi,j) +min(yj,i, yj,i)

yi,j + yi,j + yj,i + yj,i
,

min(yi,j , yi,j)
yi,j + yi,j

,
min(yj,i, yj,i)
yj,i + yj,i

),

max(
max(yi,j , yi,j) +max(yj,i, yj,i)

yi,j + yi,j + yj,i + yj,i
,
max(yi,j , yi,j)
yi,j + yi,j

,
max(yj,i, yj,i)
yj,i + yj,i

)⟩,

DJIav−opt(Fi, Fj) = ⟨
min(yi,j , yi,j) +min(yj,i, yj,i)

yi,j + yi,j + yj,i + yj,i
,

max(yi,j , yi,j) +max(yj,i, yj,i)
yi,j + yi,j + yj,i + yj,i

⟩,

DJIav−pes(Fi, Fj) = ⟨
max(yi,j , yi,j) +max(yj,i, yj,i)

yi,j + yi,j + yj,i + yj,i
,

min(yi,j , yi,j) +min(yj,i, yj,i)
yi,j + yi,j + yj,i + yj,i

⟩,

DJIpes(Fi, Fj) = ⟨max(
max(yi,j , yi,j) +max(yj,i, yj,i)

yi,j + yi,j + yj,i + yj,i
,

max(yi,j , yi,j)
yi,j + yi,j

,
max(yj,i, yj,i)
yj,i + yj,i

),

min(
min(yi,j , yi,j) +min(yj,i, yj,i)

yi,j + yi,j + yj,i + yj,i
,
min(yi,j , yi,j)
yi,j + yi,j

,
min(yj,i, yj,i)
yj,i + yj,i

)⟩,
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The Consonance of the Joint Influence of factor Fi over all Other Factors (CJIOF), i.e., the
factors from F i, has one of the three forms:

CJIOF opt(Fi,F i) = ⟨ max
1≤j≤n,j ̸=i

yi,j , min
1≤j≤n,j ̸=i

yi,j⟩,

CJIOF av(Fi,F i) = ⟨ 1

n− 1

∑
1≤j≤n,j ̸=i

yi,j ,
1

n− 1

∑
1≤j≤n,j ̸=i

yi,j⟩,

CJIOF pes(Fi,F i) = ⟨ min
1≤j≤n,j ̸=i

yi,j , max
1≤j≤n,j ̸=i

yi,j⟩.

The Dissonance of the Joint Influence of factor Fi over all Other Factors (DJIOF), i.e., the
factors from F i, has one of the three forms:

DJIOF opt(Fi,F i) = ⟨ min
1≤j≤n,j ̸=i

yi,j , max
1≤j≤n,j ̸=i

yi,j⟩.

DJIOF av(Fi,F i) = ⟨ 1

n− 1

∑
1≤j≤n,j ̸=i

yi,j ,
1

n− 1

∑
1≤j≤n,j ̸=i

yi,j⟩,

DJIOF pes(Fi,F i) = ⟨ max
1≤j≤n,j ̸=i

yi,j , min
1≤j≤n,j ̸=i

yi,j⟩.

The Consonance of the Joint Influence of all Factors Excluding factor Fi (CJIFE), has one
of the three forms:

CJIOF opt(F i, Fi) = ⟨ max
1≤j≤n,j ̸=i

yj,i, min
1≤j≤n,j ̸=i

(yj,i)⟩,

CJIOF av(F i, Fi) = ⟨ 1

n− 1

∑
1≤j≤n,j ̸=i

yj,i,
1

n− 1

∑
1≤j≤n,j ̸=i

yj,i⟩,

CJIOF pes(F i, Fi) = ⟨ min
1≤j≤n,j ̸=i

yj,i, max
1≤j≤n,j ̸=i

yj,i⟩.

The Dissonance of the Joint Influence of factor Fi over all Other Factors (DJIOF), i.e., the
factors from F i, has one of the three forms:

DJIOF opt(F i, Fi) = ⟨ min
1≤j≤n,j ̸=i

yj,i, max
1≤j≤n,j ̸=i

(yj,i)⟩.

DJIOF av(F i, Fi) = ⟨ 1

n− 1

∑
1≤j≤n,j ̸=i

yj,i,
1

n− 1

∑
1≤j≤n,j ̸=i

yj,i⟩,

DJIOF pes(F i, Fi) = ⟨ max
1≤j≤n,j ̸=i

yj,i, min
1≤j≤n,j ̸=i

yj,i⟩.

The (Total) Influence of factor Fi over all Other Factors (IFOFs), has one of the two forms:

IFOFsopt(Fi,F i) = ⟨ max
1≤j≤n,j ̸=i

(yi,j , yi,j), min
1≤j≤n,j ̸=i

(yi,j , yi,j)⟩,
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IFOFspes(Fi,F i) = ⟨ min
1≤j≤n,j ̸=i

(yi,j , yi,j), max
1≤j≤n,j ̸=i

(yi,j , yi,j)⟩,

The (Total) Influence of the factors, different than factor Fi over factor Fi all Other Factors
(IFsOF), has one of the two forms:

IFsOF opt(F i, Fi) = ⟨ max
1≤j≤n,j ̸=i

(yj,i, yj,i), min
1≤j≤n,j ̸=i

(yj,i, yj,i)⟩,

IFsOF pes(F i, Fi) = ⟨ min
1≤j≤n,j ̸=i

(yj,i, yj,i), max
1≤j≤n,j ̸=i

(yj,i, yj,i)⟩,

The Consonance of the Joint Influence of factor Fi and all Other Factors (CJI&OF ), i.e.,
the factors from F i, has one of the three forms:

CJI&OF opt(Fi,F i) = ⟨ max
1≤j≤n,j ̸=i

(yi,j , yj,i), min
1≤j≤n,j ̸=i

(yi,j , yj,i)⟩,

CJI&OF av(Fi,F i) = ⟨ 1

2(n− 1)

∑
1≤j≤n,j ̸=i

(yi,j + yj,i),

1

2(n− 1)

∑
1≤j≤n,j ̸=i

(yi,j + yj,i)⟩,

CJI&OF pes(Fi,F i) = ⟨ min
1≤j≤n,j ̸=i

(yi,j , yj,i), max
1≤j≤n,j ̸=i

(yi,j , yj,i)⟩.

The Dissonance of the Joint Influence of factor Fi and all Other Factors (DJI&OF ), i.e.,
the factors from F i, has one of the three forms:

DJI&OF opt(Fi,F i) = ⟨ min
1≤j≤n,j ̸=i

(yi,j , yj,i), max
1≤j≤n,j ̸=i

(yi,j , yj,i)⟩.

DJI&OF av(Fi,F i) = ⟨ 1

2(n− 1)

∑
1≤j≤n,j ̸=i

(yi,j + yj,i),

1

2(n− 1)

∑
1≤j≤n,j ̸=i

(yi,j + yj,i)⟩,

DJI&OF pes(Fi,F i) = ⟨ max
1≤j≤n,j ̸=i

(yi,j , yj,i), min
1≤j≤n,j ̸=i

(yi,j , yj,i)⟩.
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