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Abstract: In previous research, the author formulated the so called ξ, η− similarity measures
(obtained with the use of normalized distances). Here a possible novel approach for generating
intuitionistic fuzzy sets from a specific universe is proposed. The application of the ξ, η− simi-
larity measures over these intuitionistic fuzzy sets is considered.
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1. Introduction
Intuitionistic fuzzy sets (IFS) were introduced by K. Atanassov (see [1]) as a generalization and
extension of the concept of fuzzy sets. We will briefly remind some of the basic definitions and
notions.

Let X be a universe set (i.e. the set of all the (relevant) elements that will be considered) and
let A ⊂ X. An intuitionistic fuzzy set is a set

A∗ def
= {⟨x, µA(x), νA(x)⟩|x ∈ X}

where the functions
µA : X → [0, 1] and νA : X → [0, 1]

reflect the degree of membership (belongingness) and non-membership (non-belongingness) of
the element x ∈ X to the set A, respectively, and for every x ∈ X it is fulfilled that:

0 ≤ µA(x) + νA(x) ≤ 1 (1)

The function πA : X → [0, 1], which is given by

πA(x)
def
= 1− µA(x)− νA(x) ∀x ∈ X (2)

defines the degree of uncertainty of the membership of the element x to the set A.
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2. Generating intuitionistic fuzzy sets from a universe set
Here, we will discuss the possibility to algorithmically extract such membership, non-membership
and uncertainty values in some special cases. Let us consider the finite sequence

{an}1000n=1 = b . . . b︸ ︷︷ ︸
n-times

Here we consider each of these entities as a “string”, i.e. we will only be interested in the string’s
length and the symbols it contains (a more general approach allowing the considerations of multi-
symbol “strings” will be detailed in future study, but here we are only using this as an illustrative
example of such a possibility). Thus, as the formal definition above states, let X be the set of all
these “strings” and let A be the subset of all strings with odd lengths, and let B the subset with
even lengthed strings. In order not to complicate the notation we will use J, J ⊂ X, to define the
general approach. Let us denote the length of x by l(x). Now for any element x ∈ X there are
only three possible cases:

1) x ∈ J, then µJ(x) = 1, νJ(x) = 0

2) x /∈ J &∃y ∈ J : l(y) > l(x) µJ = l(x)
l(y′) , νJ(x) = 0, where y′ denotes the element in J

for which the difference of lengths l(y′)− l(x) is minimal.
3) x /∈ J &∀y ∈ J : l(x) > l(y) µJ = l(y′)

l(x) , νJ(x) = l(x)−l(y′)
l(x) , where y′ denotes the

element in J for which the difference of lengths l(x)− l(y′) is minimal.
The motivation for this definition is simple. When we have Case 2), x is a substring of y,

i.e. it is partially contained in y. Among all those elements we find the one closest in length to
x. The remaining part is attributed to uncertainty and not to non-membership, since the eventual
continuation of the substring x may potentially be complemented to y. In Case 3), however, this
is impossible, i.e. the string cannot be reduced to a substring, hence the remainder is attributed to
non-membership.

Remark 1. The above procedure, in this special case, obviously produces for every subset J a
unique intuitionistic fuzzy set.

This observation is important for two reasons:
First, we can test how different similarity measures and distances over IFS perform in this case

(see e.g. [2, 3, 4])
Second, we can apply the apparatus developed in [5] to generate a distance/similarity measure

that performs better.

3. Summary of previous results
In a previous paper [5], the author defined a way of generating new distances and similarity mea-
sures. Here wewill briefly recall (omitting the proofs) the conceptual idea. Further, we will denote
the class of all IFSs defined over a universe setX by IFS(X).

The following theorems are fundamental in this approach, so we give them here in full:
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Theorem 1. Let n and k be arbitrary positive integers. Let f (i) : IFS(X) × IFS(X) →
[0,+∞), i = 1, n be metrics and g(j) : IFS(X) × IFS(X) → [0,+∞), j = 1, k be pseudo-
metrics. Then, for every fixed real numbers αi ∈ (0, 1], i = 1, n and βj ∈ (0, 1], j = 1, k, the
mapping tα,β : IFS(X)× IFS(X) → [0,+∞) that is given by:

tα,β(A,B) =
n∑

i=1

f (i)
αi

(A,B) +
k∑

j=1

g
(j)
βj

(A,B), (3)

where α def
= (α1, . . . , αn), β

def
= (β1, . . . , βk) is a metric.

If A,B,C ∈ IFS(X) are such that A ⊆ B ⊆ C and we have:

f (i)(A,B) ≤ fi(A,C); f (i)(B,C) ≤ f (i)(A,C), i = 1, n;

g(j)(A,B) ≤ g(j)(A,C); g(j)(B,C) ≤ g(j)(A,C), j = 1, k,

then it is true:
tα,β(A,B) ≤ tα,β(A,C); tα,β(B,C) ≤ tα,β(A,C)

Theorem 2. Let ξ > 0 and η ≥ 1 be fixed real numbers and d : IFS(X)×IFS(X) → [0,+∞)
be an arbitrary metric (pseudometric). Then, d∗ : IFS(X)× IFS(X) → [0, 1] given by

d∗(A,B)
def
=

d(A,B)

ξ + ηd(A,B)
(4)

is a normalized metric (pseudometric). Moreover, if d is a non-Archimedean metric, then d∗ is a
non-Archimedean metric, too.

Hence,

Corollary 1. The similarity measure introduced by

s∗α,β(A,B)
def
= 1− t∗α,β(A,B),

where
t∗α,β(A,B) =

tα,β(A,B)

ξ + ηtα,β(A,B)
∀A,B ∈ IFS(X)

is well defined.

In short we will summarize the above as follows: new distances may be introduced by adding
(weighted) pseudometrics and distances. These in turn may be normalized to the interval [0, 1]
by the use of two parameters ξ and η. The normalized distance can then be used to define a ξ, η-
similarity measure (for fixed ξ and η).
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4. Application of the results

Let X = {1, 11, 111, 1111, 11111} be our universe set. Choosing

A = {111, 11111} and B = {11, 111, 1111}

we obtain the following two intuitionistic fuzzy sets (according to the three cases discussed above).

Â = {⟨1, 1
3
, 0⟩, ⟨11, 2

3
, 0⟩, ⟨111, 1, 0⟩, ⟨1111, 4

5
, 0⟩, ⟨11111, 1, 0⟩

B̂ = {⟨1, 1/2, 0⟩, ⟨11, 1, 0⟩, ⟨111, 1, 0⟩, ⟨1111, 1, 0⟩, ⟨11111, 4
5
,
1

5
⟩

Let us consider now the distance defined by:

d(Â, B̂) =
1

10

5∑
i=1

|µA(x)− µB(x)|+ |νA(x)− νB(x)|

From it we will obtain that d(Â, B̂) = 11/100. This implies that the two sets are relatively close,
since s(Â, B̂)

def
= 1 − d(Â, B̂) is close to 1, which is contrary to our intuitive notions since the

two sets are quite different. Now let us improve this distance by adding a pseudometric to it, thus
obtaining a new distance. We will use the following pseudometric:

ϱ2(Â, B̂) =
1

5

5∑
i=1

|(µA(x)− νA(x))
2 − (µB(x)− νB(x))

2| = 1309

4500

We define the new distance, as follows (choosing ξ = η = 1):

u(Â, B̂) =
10d(Â, B̂) + 5ϱ2(Â, B̂)

1 + 10d(Â, B̂) + 5ϱ2(Â, B̂)
=

2299

3199
≈ 0.7186

The corresponding similarity measure su(Â, B̂) = 1 − u(Â, B̂) = 1 − 2299
3199 ≈ 0.29 is much

further away from 1, and thus it represents more accurately our intuitive notion of the situation.

5. Conclusion
Anewway for introducing intuitionistic fuzzy sets from a universe of specific typewas introduced.
The previously defined distances and similarity measures were applied to the newly received sets,
and “improvement” in the obtained values in accordance with the intuitive notions was observed.
Further researchwill be conducted, especially in the area of constructive (in the sense of automatic)
generation of membership and non-membership functions over universe sets of specific types.
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