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Abstract: The combinatorial game-method has mostly theoretical applications in astronomy for
example. It must be noted that there exist various methods which use different approaches and
have applications in other mathematical areas. In this paper is shown that the game method for
modelling can be used for a representation of the ACO-algorithms.
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1. Introduction
Real ants foraging for food lay down quantities of pheromone (chemical cues) marking the path
that they follow. An isolated ant moves essentially at random but an ant encountering a previously
laid pheromone will detect it and decide to follow it with high probability and thereby reinforce it
with a further quantity of pheromone. The repetition of the above mechanism represents the auto-
catalytic behaviour of a real ant colony where the more the ants follow a trail, the more attractive
that trail becomes.

The Ant Colony Optimization (ACO) procedure is one of the modern mathematical tools for
optimization, based on metaheuristic rules. The solution of a given optimization problem is rep-
resented by a path or a tree in a graph. The shortest path or the tree with smallest (greatest)
coefficients weight (if the problems is related to minimum or maximum, respectively) is searched
[3, 4, 5].

The ACO algorithm uses a colony of artificial ants that behave as cooperative agents in a
mathematical space where they are allowed to search and reinforce pathways (solutions) in order
to find the optimal ones. The problem is represented by graph and the ants walk on the graph to

62



construct solutions. The solutions are represented by paths in the graph. After the initialization of
the pheromone trails, the ants construct feasible solutions, starting from random nodes, and then
the pheromone trails are updated. At each step the ants compute a set of feasible moves and select
the best one (according to some probabilistic rules) to continue the rest of the tour. The structure
of the ACO algorithm is shown by the pseudocode below (Figure 1). The transition probability
pi,j , to choose the node j when the current node is i, is based on the heuristic information ηi,j and
the pheromone trail level τi,j of the move, where i, j = 1, . . . . , n.

pi,j =
τai,jη

b
i,j∑

k∈Unused τ
a
i,kη

b
i,k

, (∗)

where Unused is the set of unused nodes of the graph.
The greater the value of the pheromone and the heuristic information, the more profitable it is

to select this move and resume the search. In the beginning, the initial pheromone level is set to a
small positive constant value τ0; later, the ants update this value after completing the construction
stage. ACO algorithms adopt different criteria to update the pheromone level [6, 7].

Hybrid Ant Colony Optimization
Initialize number of ants;
Initialize the ACO parameters;
while not end-condition do

for k=0 to number of ants
ant k starts from random node;
while solution is not constructed do

ant k selects higher probability node;
end while

end for
Update-pheromone-trails;

end while

Figure 1: Pseudocode for ACO

The pheromone trail update rule is given by:

τi,j ← ρτi,j +∆τi,j ,

where ρ ∈ (0, 1) models evaporation in nature and ∆τi,j is newly added pheromone which is
proportional to the quality of the solution.

The (artificial) ant starts from an arbitrary node of the graph and with its path in the graph, it
constructs its individual solution of the problem. It includes a new node in the list of it solution,
using the probability of the transition to it. The conditions, that the solution must satisfy, are
included in the probability of ant’s transition. The ant adds new nodes in the graph until the
moment when it satisfies the final (stop) condition, that shows when it had already constructed
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a correct solution. When all ants construct their solutions, these solutions are comprised, and
a new pheromone is added in the graph components (nodes and/or arcs). This pheromone is
inversely proportional to the value of the objective function, if the problem is related to searching
a minimum. So, the graph components (nodes and/or arcs) corresponding to the better solutions
obtain more pheromone than the other components, and on the next iteration they will be more
desirable by the ants.

2. Main results
In this paper, we show representation of ACO algorithm by Game Method for Modelling (GMM,
see [1]).

Let us have a graph on which the ants will transfer, this graph represents the problem to be
solved. If the graph is not planar, then we can construct a 3-dimensional GMM-grid similarly
to the form of the 3-dimensional grid of the GMM representing a neural network from [2]. For
brevity and better visualization, we will use a planar graph. For it, we can construct a GMM-
grid. Cells of the grid correspond to graph, and corridors connecting two neighboring cells, nodes
correspond to graph arcs. The ant-transfer will be realized only in these corridors.

Now, GMM-objects will stay in cells, marked by “*”, and these objects have as a characteristic:

A) the value τ(x) of the pheromone from previous ant movements through the same cell “x”;

B) a transition function that is calculated on the basis of the first cell characteristic (the value
of the pheromone) and of a heuristic information, that is a characteristic of the ant, entering
the cell “x”.

The ants will be represented by objects, initially staying in some cells of the GMM-grid. These
objects have as initial characteristic some heuristic information – function “η”, that will be used
for their transfer in the graph. The heuristic information η is a combination of parameters from
objective function and constraints. Well done heuristic function direct ants to search for better
solutions. For example, the only available heuristic information for Traveling Salesman Problem
is the visibility of the next point to be visited, while in the Knapsack Problem there are constraints
and we can construct various heuristics including in numerator the parameters from the objective
function (price of the object) and in the denominator combinations of the constraint parameters
(the volume of the objects and the capacity of the knapsacks).

The rules of the GMM-model are the following:

1. Each ant starts its transfer from a random cell of the GMM-grid with an initial characteristic
being some heuristic function for the future path or for the future aim, and a vector L with
one element being the identifier of the cell, where the ant is located at the initial moment.

2. With respect to GMM-object place in the corridor, it can have one, two, three or four pos-
sible directions for movement (see Figs. 1 – 4). At the following time-steps the object will
have one, two or three possible directions for movement, because it cannot go in its oppo-
site direction. i.e., through cells that it had already visited. The direction of movement is
determined as follows.
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2.1. if the cell “a” has only one neighboring cell (“b”), where the object can enter: a→ b
(see Fig. 2).

2.2. if the cell “a” has two neighboring cells (“b” and “c”), where the object can enter:

a→


b if τ(b)η(b)

τ(b)η(b)+τ(c)η(c) = max
x∈{b,c}

τ(x)η(x)
τ(b)η(b)+τ(c)η(c)

c if τ(c)η(c)
τ(b)η(b)+τ(c)η(c) = max

x∈{b,c}
τ(x)η(x)

τ(b)η(b)+τ(c)η(c)

.

(see Fig. 3)
2.3. if the cell “a” has three neighboring cells (“b”, “c” and “d”), where the object can

enter:

a→



b if τ(b)η(b)
τ(b)η(b)+τ(c)η(c)+τ(d)η(d) = max

x∈{b,c,d}
τ(x)η(x)

τ(b)η(b)+τ(c)η(c)+τ(d)η(d)

c if τ(c)η(c)
τ(b)η(b)+τ(c)η(c)+τ(d)η(d) = max

x∈{b,c,d}
τ(x)η(x)

τ(b)η(b)+τ(c)η(c)+τ(d)η(d)

d if τ(d)η(d)
τ(b)η(b)+τ(c)η(c)+τ(d)η(d) = max

x∈{b,c,d}
τ(x)η(x)

τ(b)η(b)+τ(c)η(c)+τ(d)η(d)

.

(see Fig. 4)
2.4. (only for the first time-moment) if the cell “a” has four neighboring cells (“b”, “c”,

“d” and “e”), where the object can enter:

a→



b if τ(b)η(b)
τ(b)η(b)+τ(c)η(c)+τ(d)η(d)+τ(e)η(e)

= max
x∈{b,c,d,e}

τ(x)η(x)
τ(b)η(b)+τ(c)η(c)+τ(d)η(d)+τ(e)η(e)

c if τ(c)η(c)
τ(b)η(b)+τ(c)η(c)+τ(d)η(d)+τ(e)η(e)

= max
x∈{b,c,d,e}

τ(x)η(x)
τ(b)η(b)+τ(c)η(c)+τ(d)η(d)+τ(e)η(e)

d if τ(d)η(d)
τ(b)η(b)+τ(c)η(c)+τ(d)η(d)+τ(e)η(e)

= max
x∈{b,c,d,e}

τ(x)η(x)
τ(b)η(b)+τ(c)η(c)+τ(d)η(d)+τ(e)η(e)

e if τ(e)η(e)
τ(b)η(b)+τ(c)η(c)+τ(d)η(d)+τ(e)η(e)

= max
x∈{b,c,d,e}

τ(x)η(x)
τ(b)η(b)+τ(c)η(c)+τ(d)η(d)+τ(e)η(e)

.

(see Fig. 5)
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3. When an object enters a new cell, its characteristic is changed as follows:

L := ⟨L, b⟩.

4. The object stops its movement when:

4.1. there are no more cells that have not been visited,
4.2. some of the problem constraints are violated.

5. When all objects stop, we update the pheromone, and the cells receive as new characteristics
the new value of the pheromone.

a b c a b c a b

d

c a b

d

e

Fig. 2. Fig. 3. Fig. 4. Fig. 5.

We must note that more than one separate objects can enter one cell and they will not interact
there. On the next time-step, they will continue their movements independently. Their heuristic
information will be different, because they have different history (different partial solution).

3. Conclusion
In this paper, a first step to constructing of a game method for modelling representation the ACO-
algorithms is done. In a next research a 3-dimensional model will be constructed. Our aim is
detail representation and improvement of ACO performance.
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